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ON THE REALIZATION OF THE GELFAND CHARACTER
OF A FINITE GROUP AS A TWISTED TRACE
JORGE SOTO-ANDRADE AND M. FRANCISCA YA´N˜EZ
Abstract. We show that the Gelfand character χG of a finite group G
(i.e. the sum of all irreducible complex characters of G ) may be realized
as a “ twisted trace” g 7→ Tr(ρg ◦ T ) for a suitable involutive linear
automorphism T of L2(G), where ρ is the right regular representation
of G and that under certain hypotheses T (f) = f ◦ L (f ∈ L2(G)),
where L is an involutive antiautomorphism of G. Moreover the natural
representation τ of G associated to the L-twisted conjugacy action of
G in the fixed point set of L turns out to be a Gelfand Model in some
cases. We show here that a sufficient condition for τ not being a Gelfand
Model is the existence of elements of order 2 in the centre of G.
Keywords: Gelfand character; Gelfand model; twisted trace; finite group
representation theory; involutions.
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1. Introduction
The realization of the Gelfand character χG of a finite group G, i.e. the
sum of all ordinary irreducible characters of G, is an old problem [2, 7, 8, 9].
One possible approach to this problem is to try to obtain χG by twisting
the trace of some very natural representation (V, π) of G, like its regular
representation, by a suitable linear automorphism T of its underlying space
V, so as to obtain χG(g) = Tr(πg ◦ T ) for all g ∈ G. Recall that twisted
traces appear in many contexts in mathematics [1, 2, 5].
A classical result in character theory of finite groups [4] is that the cen-
tral function θ1 : G → C, defined by θ1(g) = |{h ∈ G : h
2 = g}| is a gen-
eralized character that satisfies θ1(g) =
∑
pi∈Gˆ ν(π)χpi(g) where ν(π) =
1
|G|
∑
g∈G χpi(g
2) is the Frobenius- Schur number of the character χpi of the
irreducible representation π of G. If (π, V ) is an irreducible complex repre-
sentations of a finite group G and π is self-contragradient then there exists
a non degenerate bilinear form B on V, unique up to scalar multiple, such
that B(v,w) = ǫ(π)B(w, v) where ǫ(π) = ±1. Frobenius and Schur [3] proved
that ν(π) = ǫ(π) and if ν(π) = 1 then π(G) is conjugated to a subgroup of
the orthogonal group O(n) and if ν(π) = −1 then π(G) is conjugate to a
subgroup of the symplectic group Sp(n) and n is even. Clearly if ν(π) = 1
for all irreducible representations of G, then θ1 is the Gel’fand character χG
The authors have been partially supported by Fondecyt Grant 1140510.
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of G. Some groups for which this is the case are Sn,D2n and O(n, q), q
odd [4].
Furthermore Gow [4] proved that for G = GL(n, q), the central function
θ2 : G→ C, defined by θ2(g) = |{h ∈ G : h
th−1 = g}| affords χG.
On the other hand Kawanaka and Matsuyama [6] defined the twisted
Frobenius Schur indicator ντ (χ) =
1
|G|
∑
g∈G χ(gτ(g)) where τ is an invo-
lutive automorphism of G. They proved that if the character χ is afforded
by a matrix representation R of G such that R ◦ τ = R then ντ (χ) = 1. If
this is not the case but nevertheless χ ◦ τ = χ, then ντ (χ) = −1. Finally if
χ ◦ τ 6= χ, then ντ (χ) = 0. Furthermore they get that
∑
χ∈Gˆ ντ (χ)χ(g) =
|{h ∈ G : τ(h)2 = g}|.
Later Bump and Ginzburg [2] considered an automorphism τ of G such
that τ r = 1, the norm mapN : G→ G defined byN(g) = gτ(g)τ2(g) · · · τ r−1(g)
and the number M(g) of solutions of the equation N(x) = g with x ∈ G.
They proved thatM(g) lies in the Ze
2pii
r - algebra generated by the irreducible
characters and M(g) =
∑
χ∈Gˆ ǫ(χ)χ(g), where ǫτ (χ) =
1
|G|
∑
g∈G χ(N(g)).
If r = 2 and τ is trivial then ǫτ (χ) = ν(χ) and M(g) = θ1(g); if τ is not
trivial then ǫτ (χ) = ντ (χ), and M(g) =
∑
χ∈Ĝ
ντ (χ)χ(g). If G = GL(n, q)
and τ is the transpose inverse then M(g) = θ2(g).
We prove that the Gelfand character χG of a finite group G may be always
realized as a twisted trace as χG(g) = Tr(ρg ◦ T ), g ∈ G, where T is an
involutive automorphism of L2(G) and ρ is the right regular representation.
Moreover we prove that if G admits an involutive anti-automorphism L such
that L(g) is conjugated to g, for all g ∈ G then, putting L∗(f) = f ◦ L, we
get that the central function t(g) = Tr(ρg ◦L
∗) of g ∈ G equals the number
of solutions to the equation h−1L(h) = g, and is given by
∑
pi∈Ĝ ǫpiχpi(g),
where
ǫpi = νL(χpi) =
1
|G|
∑
g∈G
χpi(L(g)g
−1) = ±1.
Furthermore if the number of fixed points of L is equal to the sum of
the dimensions of all irreducible representations of G, then under the above
assumptions the central function t is the Gelfand character of G. So we can
take the involutive automorphism T of L2(G) above to be L∗.
Let G be a group for which there exists an anti-automorphism L satisfying
all the conditions above. Then we can consider the G - set X = {h ∈ G :
L(h) = h} where the action of G in X is given by g · h = g−1hL(g)−1.
Let τ be the associated natural representation of G in L2(X). Although
L2(X) has the right dimension to be a Gelfand Model of G, we prove - using
our twisted trace description of χG - that this cannot be the case if G admits
non trivial central involutions.
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2. The Gelfand character χG as a Twisted Trace
Let G be a finite group and let (L2(G), ρ) and (L2(G), σ) be the right and
left regular representation of G respectively; let (Uk, πk) (1 ≤ k ≤ r) denote
all the irreducible unitary representations of G and let Ipik (1 ≤ k ≤ r) be
the isotypic component of type πk of ρ. Let Uk be an orthonormal basis of Uk
and (ekij(g))1≤i,j≤nk the matrix of the operator πk(g) (g ∈ G) with respect
to the basis Uk of Uk, where nk denotes the dimension of Uk. Moreover χk
denotes the character afforded by πk.
The matrix coeficients ekij (1 ≤ i, j ≤ nk, 1 ≤ k ≤ r) provide then an
orthonormal basis B for the Hilbert space L2(G), and they satisfy the rela-
tions:
(1) ekij(g
−1) = ekji(g)
and
ekij(gh) =
nk∑
l=1
ekil(g)e
k
lj(h)
Proposition 1. Let (V, π1) and (V, π2) be two isomorphic representations of
a finite group G in the same vector space V such that π1h◦π
2
g = π
2
g ◦π
1
h for all
g, h ∈ G and let S be an involutive automorphism of V that intertwines the
representations π1 and π2 of G. Then the function Tr(π1? ◦ S) = Tr(π
2
? ◦ S)
defined on G with values in C is a central function on G and so it is a linear
complex combination of irreducible characters of G.
Proof. For g, h in G, we have
Tr(π1g−1hg ◦ S) = Tr(π
1
g ◦ S ◦ π
1
g−1h) = Tr(S ◦ π
2
g ◦ π
1
g−1h)
= Tr(S ◦ π1g−1h ◦ π
2
g) = Tr(π
2
g ◦ S ◦ π
1
g−1h) = Tr(S ◦ π
1
g ◦ π
1
g−1h)
= Tr(S ◦ π1h) = Tr(π
1
h ◦ S) = Tr(S ◦ π
2
h) = Tr(π
2
h ◦ S).

Recall that all irreducible representations πk of a finite group G are uni-
tarizable. The isotypic component Ipik of type (Uk, πk) of ρ is isomorphic to
Uk ⊗ U
∗
k .
Theorem 1. Let T be the linear application of L2(G) defined by T (ekij) = e
k
ji
for all ekij ∈ B and let σ˜ be the homomorphism from G to Aut(L
2(G)) defined
by
σ˜g = (T ◦ ρg ◦ T )
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for all g ∈ G. Then T is an involutive automorphism of L2(G) and σ˜ is a
representation of G such that:
i. ρg ◦ T = T ◦ σ˜g, g ∈ G.
ii. ρg ◦ σ˜h = σ˜h ◦ ρg, g, h ∈ G.
iii. Tr(ρg ◦ T ) = χG(g), g ∈ G
Proof. Since
σ˜g = (T ◦ ρg ◦ T )
for all g ∈ G, we obtain that σ˜g is an automorphism of L
2(G) such that
ρg ◦ T = T ◦ σ˜g for each g ∈ G.
Furthermore, since
ρg(e
k
ij) =
nk∑
l=1
eklj(g)e
k
il
and
σ˜g(e
k
ij) =
nk∑
l=1
ekli(g)e
k
lj
for all ekij ∈ B, g ∈ G, we get that
(ρg ◦ σ˜h)(e
k
ij) =
nk∑
l=1
ekli(h)
nk∑
m=1
ekmj(g)e
k
lm
=
nk∑
m=1
ekmj(g)
nk∑
l=1
ekli(h)e
k
lm
=
nk∑
m=1
emj(g)σ˜h(e
k
im)
= (σ˜h ◦ ρg)(e
k
ij).
for g, h ∈ G and ekij ∈ B. Finally, since
(ρg ◦ T )(e
k
ij) =
nk∑
l=1
ekli(g)e
k
jl
for all g ∈ G and ekij ∈ B, then
Tr(ρg ◦ T ) =
r∑
k=1
(
nk∑
i=1
ekii(g) =
r∑
k=1
χk(g) = χG(g).

Next we will prove that under certain conditions the central function
Tr(ρ? ◦ T ) can constructed from an involutive anti-automorphism L of the
group G.
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Theorem 2. Let L be an involutive antiautomorphism of G, such that L(g)
is conjugated to g, for all g ∈ G, and let L∗ be the automorphism of L2(G)
defined by L∗(f) = f ◦ L. Then for all g ∈ G, we have
i. ρg ◦ L
∗ = L∗ ◦ σL(g)−1
ii. ρg ◦ σL(g)−1 = σL(g)−1 ◦ ρg
iii. Tr(ρg ◦ L
∗) = |{h ∈ G : h−1L(h)) = g}|
iv. Tr(ρg ◦ L
∗) = Tr(ρg−1 ◦ L
∗)
v. Tr(ρg ◦ L
∗) = Σrk=1εkχk(g) where εk = ±1. .
Proof. The proof of i. and ii. is a straightforward calculation. By computing
the trace of ρg ◦ L
∗ with respect to the canonical basis {δg : g ∈ G} where
δg(h) = δg,h, (h ∈ G) we obtain iii.
Let Ag = {h ∈ G : h
−1L(h) = g}. Taking inverses we see that h ∈ Ag if
and only if L(h) ∈ Ag−1 . Then iv. follows, since L is bijective.
Because of i. and ii. the representations (L2(G), ρ) and (L2(G), σ∗) of G
and the involutive automorphism L∗ satisfy all conditions of proposition 1,
and so we deduce that the complex function Tr(ρg ◦ L
∗) is central and
Tr(ρg ◦ L
∗) =
r∑
k=1
εkχk(g),
for suitable complex numbers εk.
The antiautomorphism L induces an antiautomorphism L˜ on the complex
group algebra C[G]. Since χk(L(g)) = χk(g), g ∈ G, 1 ≤ k ≤ r, L˜ acts as
the identity on the centre and therefore induces an antiautomorphism L˜k
on each simple component of C[G] ∼=
⊕
1≤k≤rM(nk,C). Due to Skolem-
Noether theorem, L˜k is conjugated to the transposition map, i. e. there
exists bk ∈ GL(nk,C) such that L˜k(a) = b
−1
k a
tbk for all a ∈ M(nk,C) .
Furthermore we have that a = L˜(L˜(a)) = b−1k b
t
ka(b
t
k)
−1bk = b
−1
k b
t
ka(b
−1
k b
t
k)
−1
for all a ∈M(nk,C), so b
−1
k b
t
k belongs to the centre and therefore b
t
k = εkbk
with εk = ±1, since ((bk)
t)t = bk.
In this way, for each representation (Uk, πk) of G a symmetric or a anti-
symmetric form bk exists, with respect to which the linear operators πk(g)
and L˜(πk(g)) are adjoint to each other. More precisely, if we consider the
bilinear form 〈u, v〉 = vtbku, defined by bk, then
(2) 〈L˜(πk(g))(u), v〉 = v
t(bkL˜(πk(g)))u = v
t(πk(g))
tbu = 〈u, πk(g)(v)〉
Let us suppose that for some k we have εk = 1. We choose then an
orthonormal basis U+k = {ui : 1 ≤ i ≤ nk} of Uk, with respect to the
symmetric form bk and we denote by e
k
ij(g) = 〈πk(g)(uj), ui〉 the matrix
coefficients of πk(g) with respect to this basis. Due to equation 2 we have the
following relations between the matrix coefficients of L˜(πk(g)) = πk(L(g))
and πk(g),
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(3) ekij(L(g)) = 〈uj , πk(g)(ui)〉 = e
k
ji(g).
Let Ek = 〈ekij : 1 ≤ i, j ≤ nk〉 and Trk(ρg ◦ L
∗) denote the trace of the
restriction of ρg ◦ L
∗ to the subspace Ek of L2(G). In order to compute
Trk(ρg ◦ L
∗) we note that
[(ρg ◦ L
∗)(ekij)](h) = e
k
ij(L(hg)) = e
k
ij(L(g)L(h)) =
nk∑
l=1
ekil(L(g))e
k
lj(L(h)) =
nk∑
l=1
ekli(g)e
k
jl(h).
Then
(ρg ◦ L
∗)(ekij) =
nk∑
l=1
ekli(g)e
k
jl.
Since
Trk(ρg ◦ L
∗) =
∑
1≤i,j≤nk
〈(ρg ◦ L
∗)(ekij), e
k
ij〉 =
∑
1≤i,j≤nk
nk∑
l=1
ekli(g)〈e
k
jl, e
k
ij〉
and 〈ekjl, e
k
ij〉 = δ(j,l),(i,j), we get
Trk(ρg ◦ L
∗) =
nk∑
i=1
ekii(g) = χk(g)
Let us suppose now that k is such that εk = −1. Let nk = 2mk; then
we can find a symplectic basis U−k = {ui, 1 ≤ i ≤ nk} of Uk such that
〈ui, ui+mk〉 = 1 and 〈ui, uj+mk〉 = 〈ui+mk , uj+mk〉 = 〈ui, uj〉 = 0, i 6= j (1 ≤
i, j ≤ mk).
Analogously, equation 1 gives us the following relations for the matrix
coefficients ekij(g) of πk(g) with respect to this basis:
〈πk(g)(ui), uj〉 = −e
k
j+mk i
(g), j ≤ mk,
〈πk(g)(ui), uj〉 = e
k
j−mk i
(g), j > mk
Therefore
〈πk(L(g))(ui), uj〉 = −〈πk(g)(uj), ui〉 = e
k
i+mk j
(g), i ≤ mk,
and
〈πk(L(g))(ui), uj〉 = −e
k
i−mk j
(g), i > mk
.
Taking into account these relations and equation 2 we get the following
relations between the matrix coefficients of L˜(πk(g)) = πk(L(g)) and πk(g) :
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(4) ekij(L(g)) = e
k
j+mk i−mk
(g), j ≤ mk, i > mk
(5) ekij(L(g)) = −e
k
j−mk i−mk
(g), j > mk, i > mk
(6) ekij(L(g)) = −e
k
j+mk i+mk
(g), j ≤ mk, i ≤ mk
(7) ekij(L(g)) = e
k
j−mk i+mk
(g), j > mk, i ≤ mk
So we get:
For i, j ≤ mk
(8)
(ρg◦L
∗)(ekij) =
mk∑
l=1
−ekl+mk i+mk(g)e
k
j+mk l+mk
+
nk∑
l=mk+1
ekl−mk i+mk(g)e
k
j+mk l−mk
.
For i ≤ mk, j > mk
(9)
(ρg◦L
∗)(ekij) =
mk∑
l=1
−ekl+mk i+mk(g)e
k
j−mk l+mk
+
nk∑
l=mk+1
ekl−mk i+mk(g)(−e
k
j−mk l−mk
).
For i > mk, j ≤ mk
(10)
(ρg◦L
∗)(ekij) =
mk∑
l=1
ekl+mk i−mk(g)(−e
k
j+mk l+mk
)+
nk∑
l=mk+1
−ekl−mk i−mk)(g)e
k
j+mk l−mk
.
And for i > mk, j > mk
(11)
(ρg◦L
∗)(ekij) =
mk∑
l=1
ekl+mk i−mk(g)e
k
j−mk l+mk
+
nk∑
l=mk+1
−ekl−mk i−mk(g)(−e
k
j−mk l−mk
).
Notice that:
a) If i, j ≤ mk then e
k
j+mk l+mk
6= ekij and e
k
j+mk l−mk
6= ekij
b) If i ≤ mk, j > mk then e
k
j−mk l+mk
= ekij if and only if j = mk + i > mk
and l +mk = j > mk, moreover e
k
j−mk l−mk
6= ekij
c) If i > mk, j ≤ mk then e
k
j+mk l−mk
= ekij if and only if j +mk = i >
mk and l −mk = j < mk, moreover e
k
j+mk l+mk
6= ekij
d) If i > mk, j > mk then e
k
j−mk l+mk
6= ekij and e
k
j+mk l−mk
6= ekij
Therefore
Trk(ρg ◦ L
∗) =
nk∑
j=mk+1
−ekjj(g) +
mk∑
j=1
−ekjj(g) = −χk(g).
Hence, taking into account both cases, we get
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Tr(ρg ◦ L
∗) =
r∑
k=1
Trk(ρg ◦ L
∗) =
r∑
k=1
εkχk(g)

Definition 1. For any mapping L from G to itself, we denote by FixG(L)
the fixed point set {g ∈ G : L(g) = g} of L.
Proposition 2. If L is an involutive antiautomorphism of G such that L(g)
is conjugated to g for all g ∈ G and
|FixG(L)| =
r∑
k=1
nk,
then
Tr(ρg ◦ L
∗) =
r∑
k=1
χk(g)
and
L∗ = T.
Proof. If we evaluate Tr(ρg ◦ L
∗) on e we obtain
Tr(L∗) =
r∑
k=1
εknk
but Tr(L∗) = |FixG(L)| and by hypothesis
|FixG(L)| =
r∑
k=1
nk.
Since nk > 0,we conclude that εk = 1 for all k. Then using equation 3 it
follows that
L∗(ekij)(g) = e
k
ij(L(g)) = e
k
ji(g),
hence L∗ = T.

Proposition 3. If L is an involutive antiautomorphism of G such that L(g)
is conjugate to g for all g ∈ G, then
(12) Trk(ρg ◦ L
∗) = (
1
|G|
∑
h∈G
χk(L(h)h
−1))χk(g)
Proof. To prove equation (12) we compute the Fourier coefficients λk, 1 ≤
k ≤ r of the central function
Tr(ρg ◦ L
∗) = Tr(L∗ ◦ σL(g)−1)
with respect to the basis
{χk =
nk∑
i=1
ekii : 1 ≤ k ≤ r}
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of the centre Z of C[G]. First we observe that
(L∗ ◦ σL(g)−1)(e
k
ij)(h) = e
k
ij(L(g)L(h)) =
nk∑
l=1
ekil(L(g))(e
k
lj ◦ L)(h)
and
〈(L∗ ◦ σL(g)−1)(e
k
ij), e
k
ij〉 =
1
|G|
∑
h∈G
nk∑
l=1
ekil(L(g))e
k
il(L(h))e
k
ji(h
−1).
therefore
Tr(L∗ ◦ σL(g)−1) =
r∑
k=1
∑
1≤i,j≤nk
1
|G|
∑
h∈G
nk∑
l=1
ekil(L(g))e
k
lj(L(h))e
k
ji(h
−1)
Since
nk∑
j=1
eklj(L(h))e
k
ji(h
−1) = ekli(L(h))h
−1)
we get that
Tr(L∗ ◦ σL(g)−1) =
r∑
k=1
∑
1≤i,l≤nk
1
|G|
∑
h∈G
ekli(L(h)h
−1)(ekil ◦ L)(g)
and then, for 1 ≤ k′ ≤ r,
λk′ = 〈
r∑
k=1
∑
1≤i,l≤nk
1
|G|
∑
h∈G
ekli(L(h)h
−1)(ekil ◦ L), χk′〉
By hypothesis χk(L(g)) = χk(g), 1 ≤ k ≤ r, so
λk′ =
r∑
k=1
∑
1≤i,l≤nk
1
|G|
∑
h∈G
ekli(L(h)h
−1)
nk′∑
s=1
(
1
|G|
∑
g∈G
ekil(L(g))e
k′
ss(L(g)),
But 1|G|
∑
g∈G e
k
il(L(g))e
k′
ss(L(g)) = 〈e
k
il, e
k′
ss〉, then
λk′ =
nk′∑
s=1
1
|G|
∑
h∈G
ek
′
ss(L(h)h
−1) =
1
|G|
∑
h∈G
χk′(L(h)h
−1).

Proposition 4. Let L be an involutive antiautomorphism of G such that
L(g) is conjugate to g for all g ∈ G. Then the following conditions are
equivalent
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i.
|FixG(L)| =
r∑
k=1
nk
ii.
1
|G|
∑
h∈G
χk(L(h)h
−1) = 1, (1 ≤ k ≤ r)
Proof. It follows from propositions 2 and 3

Proposition 5. Let L an involutive antiautomorphism of G , τ : G → G
defined by τ(g) = L(g−1) and cτ (χ) = |G|
−1
∑
g∈G χ(gτ(g)) the twisted
Frobenius - Schur indicator defined by Kawanaka and Matsuyama. Then
cτ (χk) =
1
|G|
∑
h∈G χk(hL(h
−1) = ±1 if χk(L(g)) = χk(g). Moreover if the
matrix representations Rk afforded by χk satisfy Rk(L(g)) = Rk(g), then
cτ (χk) = 1.
Proof. Due to gτ(g)) = gL(g−1), we have
∑
g∈G
χ(gL(g−1)) =
∑
g∈G
χ(L(g)g−1)
and since
Tr(ρg ◦ L
∗) = Tr(ρg ◦ L∗)
we can write:
Tr(ρg−1 ◦ L
∗) =
r∑
k=1
1
|G|
∑
h∈G
χk(L(h)h−1)χk(g−1),
and therefore
Tr(ρg−1 ◦ L
∗) =
r∑
k=1
1
|G|
∑
h∈G
χk(hL(h
−1))χk(g).
Our proposition follows.

Theorem 3. If L is an involutive antiautomorphism of G such that:
i. L(g) is conjugated to g, for all g ∈ G;
ii. |FixG(L)| =
∑r
k=1 nk
then
Tr(ρg ◦ L
∗) =
r∑
k=1
χk(g).
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Proof. Since L(g) is conjugated to g, for all g ∈ G, aplying proposition 3 we
get
Tr(ρg ◦ L
∗) =
r∑
k=1
Trk(ρg ◦ L
∗) =
r∑
k=1
(
1
|G|
∑
h∈G
χk(L(h)h
−1))χk(g).
Furthermore, it follows from ii), with the help of proposition 4, that
1
|G|
∑
h∈G
χk(L(h)h
−1) = 1
So
Tr(ρg ◦ L
∗) =
r∑
k=1
χk(g)
.

Remark 1. Notice that condition ii. above does not follow from condition
i. Indeed, for G = SL(2,Fq) with q congruent to 1 mod 4 we have that i.
holds for L(g) = g−1 (g ∈ G) but L has only two fixed points in G.
3. Applying the twisted trace to test natural Gelfand Model
candidates
Let G be a group for which there exists an involutive antiautomorphism L
satisfying all the conditions of proposition 2. Then we can consider the G -
set X = FixG(L) where the action of G in X is given by g ·h = g
−1hL(g)−1.
Let us call τ the associated natural representation L2(X) of G.
Let Z denote the centre Z(G) of G; we note that if z ∈ Z then z ∈ X
because L(z) is conjugated to z by hypothesis. Furthermore since χτ (g) =
|{h ∈ G : ghL(g) = h}| for all h ∈ G, it follows that χτ (z) = |X| for all
involutions z ∈ Z. So the character χτ does not tell central involutions from
the identity.
Since the dimension of L2(X) is equal to the sum of all irreducible rep-
resentations of G, the representation (L2(X), τ) could be a Gelfand Model
for G. To check whether this is indeed the case, we can of course compare
its character χτ with the Gelfand character χG that we have described as a
twisted trace: χG(g) = Tr(ρg ◦ L
∗), g ∈ G.
We see then that a necessary condition for τ to be a Gelfand Model is
that
χG(z) = χτ (z) (= |X)|
for all central involutions z, i.e we need
Tr(ρg(z) ◦ L
∗) = |{g ∈ G : g−1L(g) = z}| = |X|
.
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3.1. The case of G = SL(2,Fq), q odd. As an illustrative example we
consider here the case of G = SL(2,Fq), q odd.
Recall that the sum of the dimensions of all irreducible representations of
G is q(q + 1).
For k =
(
1 0
0 −1
)
, we may define L : G→ G,L(g) = kg−1k.
We note that if g =
(
a b
c d
)
∈ G then L(g) = ( d bc a ) , and
X = FixG(L) = {( a bc a ) ∈ G : a
2 − bc = 1}.
.
Proposition 6. L is an involutive antiautomorphism of G satisfying:
i. L(g) is conjugated with g, for all g ∈ G.
ii. |X| = q(q + 1)
iii. The action of G on X is transitive.
Proof. i) This is clear since L(g) has same trace and determinant as g ∈ G.
ii) For ( a bc a ) ∈ X, we must have bc = a
2 − 1. Now, if a2 − 1 = 0, i. e.
a = ±1, we have 2q−1 pairs (b, c) such that bc = a2−1. On the other hand,
if a2 − 1 6= 0, then there are q − 1 pairs (b, c) such that bc = a2 − 1. So
|X| = 2 · (2q − 1) + (q − 2) · (q − 1) = q(q + 1).
iii)We have that |OrbG(e)| = |G|/|StabG(e)| and StabG(e) = {g ∈ G :
L(g) = g−1}. For g =
(
a b
c d
)
∈ G, this means b = c = 0 and d = a−1
Therefore |StabG(e)| = |{
(
a 0
0 a−1
)
: a ∈ F∗q}| = q − 1.
So |OrbG(e)| =
q(q2−1)
q−1 = q
2 + q = |X| and therefore the action is transi-
tive. 
In this way we get that L is an involutive antiautomorphism of G =
SL(2,Fq) satisfying all conditions in Theorem 1 above. Hence for the central
involution z =
(
−1 0
0 −1
)
, we have
χG(z) = |{h ∈ G : h
−1L(h) = z}|.
But if h =
(
a b
c d
)
∈ G satisfies h−1L(h) = z then
( d bc a ) =
(
−a −b
−c −d
)
and that is equivalent to b = c = 0 and −a2 = 1.
So, if q ≡ 3 mod(4) then χG(z) = 0 and if q ≡ 1 mod(4) then χG(z) = 2.
In both cases χG(z) 6= χτ (z). Therefore (L
2(X), τ) is not a Gelfand Model
for G.
4. Central involutions as an obstruction to the existence of
an involution fixed point Gelfand Model
Motivated by the previous example, we may notice the following.
Lemma 1. For every central element z ∈ G of order 2, we have.
χG(z) 6= χG(e).
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Proof. Indeed, notice that χpi(z) = ± dim(π) for all irreducible represen-
tations π of G and so for χG(z) = χG(e) to hold we need that χpi(z) =
dim(π) = χpi(e) for all irreducible representations π, but this is absurd since
the regular character χρ tells z from e, because χρ(e) = |G| 6= 0 = χρ(z).

Proposition 7. Let G a finite group and an involutive anti automorphism
L of G such that
i. L(g) is conjugated to g, for all g ∈ G;
ii. |FixG(L)| =
∑r
k=1 nk
Then if G has central (non trivial) involutions we conclude that the natural
representation (L2(X), τ) associated to the G− space X = FixG(L) cannot
be a Gelfand Model for G.
Proof. This follows inmediately from the necessity of the condition χG(z) =
χτ (z) for all central involutions z and lemma 1. 
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